GENERALIZING THE LOCALIZATION FORMULA IN 
EQUIVARIANT COHOMOLOGY 

ANDRES PEDROZA AND LORING W. TU 



Abstract. We give two generalizations of the Atiyah-Bott-Berline-Vergne lo- 
calization theorem for the equivariant cohomology of a torus action: 1) replac- 
ing the torus action by a compact connected Lie group action, 2) replacing 
the manifold having a torus action by an equivariant map. This provides a 
systematic method for calculating the Gysin homomorphism in ordinary co- 
homology of an equivariant map. As an example, we recover a formula of 
Akyildiz-Carrell for the Gysin homomorphism of flag manifolds. 



Suppose M is a compact oriented manifold on which a torus T acts. The Atiyah- 
Bott-BerUne-Vergne locahzation formula calculates the integral of an equivariant 
cohomology class on M in terms of an integral over the fixed point set M-^. This 
formula has found many applications, for example, in analysis, topology, symplec- 
tic geometry, and algebraic geometry (see El)- Similar, but not 

entirely analogous, formulas exist in if -theory (O), cobordism theory (^5), and 
algebraic geometry (^J)- ^^^^ article we consider the problem of generalizing 
the localization formula in equivariant cohomology in two different directions: 

1) replacing the torus action by a compact connected Lie group action, 

2) replacing the T-manifold M by a T-equi variant map f : M — > N. 

To begin, we give an example to show why there does not exist a localization 
formula for a compact connected Lie group G in terms of the fixed point set of the 
group. Taking cues from the work of Atiyah and Segal in fsT-theory P|, we state 
and prove a localization formula for a compact connected Lie group in terms of the 
fixed point set of a conjugacy class in the group. This is followed by a localization 
formula for a T-equivariant map. Both formulas generalize the ABBV localization 
formula. As an application, both of our formulas can be used to calculate the Gysin 
homomorphism in ordinary cohomology of an equivariant map. For a compact 
connected Lie group G with maximal torus T and a closed subgroup H containing 
T, we work out as an example the Gysin homomorphism of the canonical projection 
/ : G/T — > G/H, a formula first obtained by Akyildiz and Carrell ^J. 

The application to the Gysin map in this article complements that of ^^l- The 
previous article shows how to use the ABBV localization formula to calcu- 
late the Gysin map of a fiber bundle. This article shows how to use the relative 
localization formula to calculate the Gysin map of an equivariant map. 
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1. A NAIVE COUNTEREXAMPLE 



Consider a compact connected Lie group G acting on a manifold M with fixed 
point set M*^. Let EG — > BG denote the universal principal G-bundle, with 
BG being the classifying space of G. If tt : M — > pt is the constant map, then 
TTQ* ■ Hq{M) — > H*{BG) is equivariant integration over M . A naive generalization 
of the ABBV localization formula would express the integral ttg^a of any class 
a G Hq{M) as an integral of some class over the fixed point set M'~^. The following 
example shows that in this generality no such formula is possible. 

Let G be a compact connected Lie group with maximal torus T, and H a proper 
closed subgroup containing T. The group G acts on the homogeneous space M = 
G/H by left multiplication. This action has no fixed points. Hence any integral 
over the fixed point set {G/H)^, which is the empty set, is zero. 

On the other hand, the equivariant integration ttq* : Hq{G/H) — > H*{BG) is 
definitely not the zero map. Let n = dimG/H and let h : G/H — > {G/H)c be 
the inclusion as a fiber of ttq ■ {G/H)o — > BG, where {G/H)a is the homotopy 
quotient of G/H. The commutative diagram 

G/ff-^(G/i/)G 



pt '-BG 

induces by the push-pull formula the commutative diagram 

h* 



H"{G/H) 



= i/"(pt) 



mG/H) 

(ttg)* 
-H%BG) = 



Let 



R:=H*{BT)^q[ui,...,ue]. 
The Weyl group Wg of G acts on R (see JH], Section 2). Hence, the Weyl group 
Wh also acts on R. Since 

H*q[G/H)^H*{BH)=R^" and H* {G / H) = R^" / [R^°), 

the restriction h* : Hq{G/H) — > H"{G/H) is surjectivc. If w is a nonzero class in 
if"(G/i?), let V e H^{G/H) be such that h*ij^v. Then 

7r,u = Tr^,h*v — {TrG)*V- 

Denote by (tt'-')* : Hq{M'^) — > H*{BG) the equivariant integration over the 
fixed point set M'^ . For this example no formula of the form 

(7rG),a= (7r^),( ), aeH^{M), 

is possible, since the left-hand side is nonzero for certain choices of a, but the 
right-hand side is always zero. 

2. BOREL-TYPE LOCALIZATION FORMULA FOR A CONJUGACY CLASS 

Suppose a compact connected Lie group G acts on a space M. For g & G, define 
to be the fixed point set of g: 

= {x e M \ g ■ X ^ x}. 

If G is a conjugacy class in G, define the fixed point set of the conjugacy class to 
be 



= U 



gee 



MS. 
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Then M'~^ is a closed subset of M footnote 1, p. 532). 
Lemma 2.1. For g,heG, one has h ■ (M^) = M^^Bh-^ ^ 

Proof. X e M9 iff gx ^xiS hgh^^hx = hx iff hx £ M''5''~\ □ 

Lemma 2.2. Lei C be a conjugacy class in G and g ^ C. Then AI^ is the G- 
equivariant subset of M generated by . 

Proof. The invariant subset of M generated by is 

□ 

For X £ M, denote by Gx the stabiUzer of x: 

Gx = [g <^ G \ g ■ X = x}. 

Lemma 2.3. If there is an element g € G with no fixed points, then for every x 6 M 
the stabilizer Gx does not contain any maximal torus of G; hence, rkC^; < rkC. 

Proof. Suppose Gx contains a maximal torus T of G. Some conjugate s~^gs is 
contained in this maximal torus. Hence, {s^^gs) ■ x — x, or g ■ sx — sx. This 
contradicts the fact that g has no fixed point. □ 

Lemma 2.4. // H is a connected closed subgroup of the compact connected Lie 
group G and the rank of H is less than the rank of G, then H* {BH) is a torsion 
H*{BG)-module. 

Proof. Let r = rkiJ and S a torus of dimension r in H. If Wh{S) is the Weyl 
group of S in H, then 

H*{BH) ^H*{BS)^"^^^ =Q[vi,...,Vr]^"^^\ 

where ( ^'^niS) denotes the VF/f (S')-invariants. By a theorem of Chevalley [5], the 
invariants of a polynomial algebra under a finite reflection group is itself a polyno- 
mial algebra with the same number of generators; hence, there exist algebraically 
independent elements 6i , . . . , 5^ such that 

H*iBH) ^ Q[vi, . . . ^Vr]"^"^^^ ^ Q[bi, . . . ,br]. 

Similarly, if T is a maximal torus of G and Wg{T) the Weyl group of G in T, 
then 

H*{BG) = i7*(i3r)^«(^) = Q[ci, . . . , c], 
where £ = ikG. Since r < £, the natural map H*{BG) — > H*{BH) has a nontrivial 
kernel. □ 

Lemma 2.5. /// . X — > Y is a G-equivariant map and Hq{Y) is H* {BG)-torsion, 
then H^{X) is H* {BG) -torsion. 

Proof. The G-equivariant map f : X — > Y induces a homomorphism of H*{BG)- 
algebras 

f* : H*a{Y) ^ H*a{X). 
Let Ix and ly be the identity elements in Hq{X) and Hq{Y) respectively. Since 
Hq{Y) is torsion, there exists an element a £ H*{BG) such that a • l-y = 0. Thus, 

a-ljf =ar(ly) = r(a-ly) =0. 
For any element z e Hq{X), 

a ■ z = a ■ (Ix ■ z) — {a ■ Ix) ■ z — 0. 
Hence, is i7*(BG)-torsion. □ 
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Remark 2.6. If T is a maximal torus in the compact connected Lie group G and 
dimT = £, then 

H*{BG) =H*{BT)^'' ^Q[m,...,Ui]^°. 

Thus, H*{BG) is an integral domain. Let Q be its field of fractions. For any 
i7*(_BG)-module W , we define the localization of W with respect to the zero ideal 
in H*{BG) to be 

W ■=W®H^BG) Q- 

It is easily verified that W is i?*(i3G)-torsion if and only if = 0. For a G-space 
M, we call Hq{M) the localized equivariant cohomology of Af. 

Proposition 2.7. Let G he a compact connected Lie group acting on a compact 
space AI . If there is an element g G G with no fixed point, then the equivariant 
cohomology Hq{M) is H*(BG)-torsion. 

Proof. It follows from Lemmas 12.31 and 12.41 that for every x G Af the equivariant 
cohomology of the orbit Orbit(a;) ~ G/Gx is -ff*(i3G)-torsion, since the stabilizer 
has less than maximal rank and 

H*a{G/Gx) = H*{EG xa {G/G^)) = H*{EG/G.,) = H*{BGx). 

By Remark 12.61 the localized equivariant cohomology Hq{G/Gx) is zero. 

We now cover M with G-invariant open tubular neighborhoods Ux of the orbits 
Orbit(a;). By Koszul's slice theorem Th. 2.1.1, p. 17) each such neighborhood 
Ux is a G-equivariant vector bundle over Orbit (x). In particular, there is a G- 
equivariant map Ux — * Orbit(a;). By Lemma [2. 51 Hq{Ux) is iJ*(i?G)-torsion. 

Since M is compact, it has an open cover consisting of finitely many of the open 
sets Ux- The proposition now follows from the following lemma. □ 

In the rest of this section, "torsion" will mean i/*(_BG)-torsion. 

Lemma 2.8. // U and V are G-invariant open subsets of M and Hq{U) and 
Hq{V) are torsion, then so is Hq{U U V). 

Proof. Because the inclusion map U Ci V — > U is G-equivariant and Hq{U) is 
torsion, Hq{U r\V) is torsion by Lemma 1^31 Thus, in the localized Mayer- Vietoris 
sequence 

. . . H^r^iu nv) -* H^{u uv) h^u) ® h%{v) hHu n . . . 

the terms Hg{U), H'^{V), Hq{U H V) are zero. It follows that H^{U U V) is also 
zero. □ 

Theorem 2.9 (Borcl-type localization formula for a conjugacy class). Let G be 

a compact connected Lie group acting on a compact space M , and C a conjugacy 
class in G. Then the inclusion i : — > M of the fixed point set of the conjugacy 
class G induces an isomorphism in localized equivariant cohomology 

i* : Hg{M) kaiM^). 

Proof. Let U and V be G-invariant tubular neighborhoods of Af-^ such that the 
closure V V lies in U. Then {U,M — t^} is a G-invariant open cover of M. 
Moreover, Hq{U) ~ Hq{M^) because U has the G-homotopy type of . 

Let g be an element of the conjugacy class G. On the compact G-space AI — V C 
AI - Af"^, the element g has no fixed point. By Prop. 12.71 Hq{A'I - V) is torsion. 
Since the inclusion AI ~V — > AI — V is G-equivariant, by Lemma IIq{M — V) 
is also torsion. For the same reason, the inclusion U D {AI — V) — > M ~V implies 
that Hl.{U n (Af -V)) is torsion. 
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In the localized Mayer- Vietoris sequence 

...^ H^'\Un{M -V)) 
-> Hg{M) H^{M -V)® H*g{U) H*a{U n (Af - y)) ^ . . . , 
all the terms except Hq{M) and Hq{U) are zero. It follows that 

H*a{M) H*a{U) 

is an isomorphism. □ 

3. Integration formula 

In the case of manifolds, the Borel-type localization theorem (Th. 12. 9f) implies 
an integration formula by a purely formal argument p. 9). We recall briefly 
the set-up. 

Let i : S — > Af be the inclusion of a G-equivariant submanifold in a compact 
oriented G- manifold M. Denote by 

i* : Hg{M) H^{S) and u : H^{S) H^{M) 

the restriction and the push-forward maps in localized equivariant cohomology. 

Lemma 3.1. Suppose the normal bundle of S in M is oriented with nonzero equi- 
variant Euler class e. If i* is injective, then for a £ Hq{M), 




Proof. It is a standard property that for h E Hq{S), 
(1) i*if,b = eb. 

Set b = {i*a)/e. Then 



Since i* is injective, 




For a compact connected Lie group G, take i : M'~' — > M to be the inclusion 
of the fixed point set of the conjugacy class C and let tt : M — > pt and n'-'' : M'-'' 
— > pt be the constant maps and 

TT* : HaiM) H*{BG), Trf : H^{M^) H*{BG) 

equivariant integration over M and Af respectively. 

Theorem 3.2. Suppose M'-^ is smooth with oriented normal bundle v in a compact 
oriented manifold M . For a G Hq{M), 




Proof. From the commutative diagram 

AfC M 




pt 
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it follows that 7r*z* = tt^. By Lemma IXTI 



1.. \ c/1 



□ 



4. Relative localization formulas 

Suppose a torus T acts on manifolds M and N, and f : M — > N is a T- 
equivariant map whose fibers are compact oriented manifolds. Let Al'^ and N'^ be 
the fixed points sets of T on M and N respectively. The map / induces a map 
: M"^ — > N'^ of the fixed point sets. Let iM '■ M'^ — s- M be the inclusion and 
Cm the equivariant Euler class of the normal bundle to M'^ in M, and similarly for 
ijv and e^r. 

Theorem 4.1 (Relative localization formula for a torus action). Let M and N be 

manifolds on which a torus T acts, and f : M — > N a T-equivariant map with 
compact oriented fibers. For a G H^{M), 



ifT%a={^%r'if)* 



Cm 



I'M'- 



where the push-forward, and restriction maps are in localized equivariant cohomol- 

ogy- 



M 



f 



Proof. The commutative diagram 

r 

(2) 

induces a commutative diagram in localized equivariant cohomology 



IN 



■N 



(3) 



in* 



In* 



■H^{M) 

Ut)* 
■H^{N). 



By Lemma b.ll and the commutativity of the diagram (j2Jl, 

1 



ifT)*a = {fT)*iM* 
= iN*{f'^)* 



e-M 
1 

Cm 



Hence, 



i*N{fT)*a = i*NiN*{f'^)* 
= eN{f^) 



1 



Cm 



Cm 
Cm 



(by O) 

(projection formula). 
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Since is an isomorphism in localized equivariant cohomology (Borel's theorem), 



Cm 



□ 



By exactly the same reasoning, the relative localization formula holds for the 
fixed point set of a conjugacy class. 

Suppose a compact connected Lie group G acts on manifolds M and N, and 
f : M — > is a G-equivariant map. Let C be a conjugacy class in G, and M'-' , 
N'^ the fixed point sets of the conjugacy class. We assume M'^ and N'^ to be 
smooth with oriented normal bundle. Denote by zm : — > M the inclusion map 
and Cm the equivariant Euler class of the normal bundle of M'-^ in A/, and similarly 
for In and ejv- There is a commutative diagram of maps 

^ M 



—■ ^N. 

IN 

Let 

{fa). : HUM) i?S(7V), /f : HUM"") H^^N^) 
be the push-forward maps in localized equivariant cohomology. 

Theorem 4.2 (Relative localization formula for a conjugacy class). Under the 
hypotheses above, for a £ Hq{AI), 

(fG)*a = [In) /, 

V eM 

5. Applications to the Gysin homomorphism 

Let G be a compact connected Lie group. For a G-manifold M, let Hm ■ M 
— > Mc be the inclusion of M as a fiber of the bundle Mg — > BG and iu ■ M'^ 
— > M the inclusion of the fixed point set M'~^ in M. The map /im induces a 
homomorphism in cohomology 

hl,:H*a{M)-.H*{M). 

The inclusion im induces a homomorphism in equivariant cohomology 

il, : HUM) HUM""). 

A cohomology class a G H*{M) is said to have an equivariant extension a 6 
Hq{M) under the G action if under the restriction map h\j : H^{M) — > H*{M), 
the equivariant class d restricts to a. 

Suppose f '■ M — > is a G-equivariant map of compact oriented G-manifolds. 
In this section we show that if a class in H*(M) has an equivariant extension, then 
its image under the Gysin map /* : H* [M) — > H* [N) in ordinary cohomology can 
be computed from the relative localization formulas fTh. 14. II or Th. 14. 2|) . 

We consider first the case of an action by a torus T. Let /t : Mt — > Nt be the 
induced map of homotopy quotients and /"^ : M'^ — > N'^ the induced map of fixed 
point sets. As before, ca/ denotes the equivariant Euler class of the normal bundle 
of the fixed point set in M . 

Proposition 5.1. Let f '■ M — > N he a T-equivariant map of compact oriented 
T -manifolds. If a cohomology class a e H*{M) has an equivariant extension a S 
H^{M), then its image under the Gysin map /, : H*{M) — > H*{N) is, 
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1) in terms of equivariant integration over M : 

2) in terms of equivariant integration over the fixed point set M'^ : 



f^a ^ h*pf{i*Pf) ^(/^) 



Proof. The inclusions Hm ■ M — > Mt and /ijv : N — > Nt fit into a commutative 
diagram 




This diagram is Cartesian in the sense that M is the inverse image of N under Jt- 
Hence, the push-pull formula f<,h\j = h'^fx* holds. Then 

/*a = f*h%ja = h*j^fT*a. 

2) follows from 1) and the relative localization formula for a torus action fTh. l4.1|l . 

□ 

Using the relative localization formula for a conjugacy class, one obtains analo- 
gously a push-forward formula in terms of the fixed point sets of a conjugacy class. 
Now Km and iu are the inclusion maps 



I'M 



M Mg, 



Cm is the equivariant Euler class of the normal bundle of M'-^ in M, and f'^ : 
— > A'^'^ is the induced map on the fixed point sets of the conjugacy class C. 

Proposition 5.2. Let f : M — > N be a G-equivariant map of compact oriented G- 
manifolds. Assume that the fixed point sets M*^ and N'^ are smooth with oriented 
normal bundle. For a class a G H*{M) that has an equivariant extension a G 
HUM), 



I'M' 



6. Example: the Gysin homomorphism of flag manifolds 

Let G be a compact connected Lie group with maximal torus T, and H a closed 
subgroup of G containing T. In ^ Akyildiz and Carrell compute the Gysin ho- 
momorphism for the canonical projection / : G/T — > G/H. In this section we 
deduce the formula of Akyildiz and Carrell from the relative localization formula 
in equivariant cohomology. 

Let Ng{T) be the normalizer of the torus T in the group G. The Weyl group 
Wg of T in G is Wg = Ng{T)/T. We use the same letter w to denote an element 
of the Weyl group Wg and a lift of the element to the normalizer Ng (T) . The Weyl 
group acts on G/T by 

{gT)w = gwT for gT eG/T and weWG- 

This induces an action of Wg on the cohomology ring H*(G/T). 

We may also consider the Weyl group Wh of T in H . By restriction the Weyl 
group Wh acts on G/T and on H*{G/T). 

To each character 7 of T with representation space C-y, one associates a complex 
line bundle 

:= G Xt C-v 
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over G/T. Fix a set A+(i?) of positive roots for T in H , and extend A+(i7) to a 
set A+ of positive roots for T in G. 

Theorem 6.1 ([T]). The Gysin homomorphism /, : H*{G/T) H*{G/H) is 
given by, for a G H*{G/T), 



f*a = 



Remark 6.2. There are two other ways to obtain this formula. First, using rep- 
resentation theory, Brion 8^ proves a push-forward formula for flag bundles that 
includes Th. 16. II as a special case. Secondly, since G/T — > G/H is a fiber bundle 
with equivariantly formal fibers, the method of 16 using the ABBV localization 
theorem also applies. 

To deduce Th. 16. II from Prop. I^TI we need to recall a few facts about the coho- 
mology and equivariant cohomology oi G/T and G/H (see ^Hl; CH))- 

Cohomology ring of BT. Let ET — > BT be the universal principal T-bundle. 
To each character 7 of T, one associates a complex line bundle Sy over BT: 

S-y := ET XrC-y. 

For definiteness, fix a basis xi^ ■ ■ ■ tX£ for character group T, where we write 
the characters additively, and set 

= ci(5xJ e H^BT), z, = ci(ixJ e H^{G/T). 

Let R — Sym(r) be the symmetric algebra over Q generated by T. The map 
7 I— > ci(S'-y) induces an isomorphism 

i? = Sym(f ) i/*(BT) = Q[ui, . . . 

The map 7 1— > ci(L^) induces an isomorphism 

i? = Sym(f) -.Q[zi,...,z,]. 

The Weyl groups Wg and Wh act on the characters of T and hence on R: for 
w e Wg and 7 £ T, 

(w • 7)(t) = 7(11;""'"^). 

Cohomology rings of flag manifolds. The cohomology rings of G/T and G/H 
are described in [S]: 



H*{G/H) 



where ) denotes the ideal generated by the Wc-invariant homogeneous poly- 

nomials of positive degree. 

The torus T acts on G/T and G/H by left multiplication. Their equivariant 
cohomology rings are (see [7|, [T^ l 

Q[ui, ...,w,yi,.. .,ye] 



H^{G/T) 
H^{G/H) 



J 

'[ui,...,ue]<E,{Q[yi,...,yi]^") 



where J denotes the ideal generated by q{y) — q{u) for q E R. 
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Fixed point sets. The fixed point sets of tfie T-action on G/T and on G/H are 
tlie Weyl group Wq and tlie coset space Wq /Wr respectively. Since tfiese are finite 
sets of points, 

R. 

Tlius, we may view an element of H^{Wg) as a function from Wg to i?, and an 
element of H^(Wg/Wh) as a function from Wg/Wh to R. 

Let /iM : M — > Mt be the inclusion of M as a fiber in the fiber bundle Mt 
— > BT and im : M'^ — > M the inclusion of the fixed point set M'^ in M. Note that 
iM is T-equi variant and induces a homomorphism in T-equi variant cohomology, 
ilf : H^(M) H^{M'^). In order to apply Prop. 15.11 we need to know how to 
calculate the restriction maps 

hlj : H^{M) H*{M) and il^ : H^{M) ^ H^{M^) 

as well as the equivariant Euler class e^i of the normal bundle to the fixed point 
set M^, for M ^ G/T and G/H. This is done in [T3| . 

Restriction and equivariant Euler class formulas for G/T. Since h*j^ : 
H^{M) H*{M) is the restriction to a fiber of the bundle Mt BT, and 
the bundle K^. = {L^.)t on Mt pulls back to L^. on M, 

(4) hM{ui) = 0, hljivi) ^ hlj{ci{K^J) ^ ci{L^J = z,. 
Let : {w} — > G/T be the inclusion of the fixed point w G Wg and 

: H;(G/T) H}{{w}) = i? 
the induced map in equivariant cohomology. By ( 15 , Prop. 2), forp(j/) G H^{G/T), 

(5) i*^u,^u„ i*^p{y) = wp{u), i*^ci{Kj) ■ ci{Sy). 

Thus, the restriction of p{y) to the fixed point set Wg is the function i%jp{y) ■ Wg 
— > R whose value at w g Wg is 

(6) {i*Mpiy))iw) ^wp{u). 

The equivariant Euler class of the normal bundle to the fixed point set Wg 
assigns to each w G Wg the equivariant Euler class of the normal bundle Vw at w; 
thus, it is also a function cm ■ Wg — > R- By (^S], Prop. 6), 

(7) =e^K) =^i' [ n =(-ir n 

yQeA+ J aGA + 

Restriction and equivariant Euler class formulas for G/H. For the manifold 
M = G/H, the formulas for the restriction maps /i^ and are the same as in Q 
and ISJ, except that now the polynomial must be W^/f -invariant. In particular, 

(8) h*j^{ui)^0, h*j^p{y) ^ p{z), h*^{ci{K^)) ^ ci{L^), 
and 

(9) {i%p{y)){'wWH) = w ■ p{u). 

If 7i, . . . ,7m are characters of T such that p(ci(if^j), . . . , ci{K^^)) is invariant 
under the Weyl group Wr^ then 

(10) (z^p(ci(if^J, . . . , ci{K^J)){wWh) = w ■ p{ci{S^,), . . . , ci(^^„)). 
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The equivariant Euler class of the normal bundle of the fixed point set Wg/Wh 
is the function cat : Wq/Wh — > R given by 

(11) eN{wWH)=w-l Yl ci(5„) 

Proof of Th. O With M = G/T and N = G/H in Prop. O let 

p{z)eH*iG/T) = Q[z^,...,ze]/{R^n- 

It is the image of p{y) G H^{G/T) under the restriction map h*j^j : H^{G/T) 
— > H*{G/T). By Prop. EH 

(12) f*p{z) = f*h*Mp{y) = hlffT*p{y) 
and 

By Eq. ®, 0, and (EJ, for w £ Wg, 

{Hip{y))M ^ ilp{y) = w-p{u), 

and 

(D*ejv\ (/^)*(ejv(w^W^H)) /naeA+-A+(ff)Ci(5a)^ 
(w;) = 7 — T ^ w ■ ' 



eM / eAf(w) \^ naeA+ci(5'a) 

1 



• (naGA+(i/) Cl(5'a) 

To simplify the notation, define temporarily the function k : Wg — > i? by 

p{u) \ 



k{w) — w 
Then 



UaeA+iH) CliSa) 



(13) fTMy) = i^*N)-\n*ik)- 

Now (/^)H.(fc) G H^{Wg/Wh) is the function: Wg/Wh i? whose value at 
the point wWh is obtained by summing over the fiber of /"^ : Wg — > Wg/Wh 
above wWh- Hence, 
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By (Cnj, the inverse image of this expression under «^ is 
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Finally, combining lO, CSl and ©, 
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